We construct a consistent Kaluza-Klein reduction of D = 11 supergravity on Σ 2 × S 4 , where Σ 2 = S 2 , R 2 or H 2 , or a quotient thereof, at the level of the bosonic fields. The result is a gauged N = 4, D = 5 supergravity theory coupled to three vector multiplets, with the gauging lying in an SO(2) × SE(3) ⊂ SO(5, 3) subgroup of the SO(1, 1) × SO(5, 3) global symmetry group of the ungauged theory. For Σ 2 = H 2 , the D = 5 theory has a maximally supersymmetric AdS 5 vacuum which uplifts to the known solution of D = 11 supergravity corresponding to M5-branes wrapping a Riemann surface with genus greater than one and dual to an N = 2 SCFT in d = 4. For Σ 2 = S 2 , we find two AdS 5 solutions, one of which is new, and both of which are unstable. There is an additional subtruncation to an N = 2 gauged supergravity coupled to two vector multiplets, with very special real manifold SO(1, 1)×SO(1, 1), and a single hypermultiplet, with quaternionic Kähler manifold SU (2, 1)/S[U (2) × U (1)] and gauging associated with an SO(2) × R ⊂ SU (2, 1) subgroup.
Introduction
Consistent Kaluza-Klein truncations provide a powerful framework for constructing solutions of D = 10 and D = 11 supergravity by solving the equations of motion of a simpler supergravity theory in lower spacetime dimensions. A particularly interesting setting is associated with supersymmetric AdS d+1 ×M solutions since it allows one to study certain aspects of the dual SCFTs from the gravitational side in a tractable way. Indeed, this framework has been used to obtain many important results in holography such as finding new fixed points, both with and without conformal invariance as well as constructing RG flows between them, constructing novel black holes dual to exotic strongly coupled states of matter and so on.
Given such an AdS d+1 × M solution, after carrying out a Kaluza-Klein reduction of the higher dimensional supergravity theory on M , it is expected [1] , and in several cases proven 1 , that it is always possible to truncate to a gauged supergravity in d + 1 spacetime dimensions for which the fields are dual to the superconformal current multiplet of the dual SCFT. For example, associated with the maximally supersymmetric AdS 7 × S 4 and AdS 4 × S 7 solutions there are consistent KK truncations of D = 11 supergravity on S 4 and S 7 down to maximally supersymmetric SO(5) gauged supergravity in D = 7 and SO(8) gauged supergravity in D = 4, respectively [2] [3] [4] . Similarly, associated with the maximally supersymmetric AdS 5 × S 5 solution there is a consistent truncation of type IIB on S 5 down to maximally supersymmetric SO (6) gauged supergravity in D = 5 [5] [6] [7] .
In this paper we present a new consistent KK truncation of D = 11 supergravity on Σ 2 × S 4 , where Σ 2 = S 2 , R 2 or H 2 , or a quotient thereof, down to a half maximal gauged supergravity in D = 5. One starting point for this result is the half maximal supersymmetric AdS 5 × H 2 /Γ × S 4 solution of [8] , where H 2 /Γ is a Riemann surface with genus greater than one, that are dual to N = 2 SCFTs in d = 4. The S 4 factor is non-trivially fibred over the H 2 /Γ factor and correspondingly the solution describes the near horizon limit of M5-branes wrapping an H 2 /Γ factor, embedded inside a Calabi-Yau two-fold. An alternative point of view is that the dual N = 2, d = 4 SCFTs are obtained by starting with the N = (0, 2), d = 6 SCFT, dual to the AdS 4 × S 7 solution, compactifying on H 2 /Γ with a topological twist in order to preserve N = 2 supersymmetry in d = 4, and then flowing to the IR.
Associated with this solution one should be able to compactify D = 11 supergravity on H 2 /Γ × S 4 and truncate to the half-maximal N = 4 Romans' SU (2) × U (1) gauged supergravity in D = 5. In fact this result, at the level of the bosonic fields, was already obtained in [9] . Here we will show that one can actually extend this truncation to an N = 4 gauged supergravity in D = 5 coupled to three additional vector multiplets. We will carry out the KK truncation from D = 11, first by reducing on S 4 to maximal gauged supergravity in D = 7 and then further reducing on the H 2 /Γ factor. The gauged supergravity that we construct contains the RG flow solution described above, and first constructed in [8] , that is associated with the N = (0, 2) field theory in d = 6 compactified on H 2 /Γ and flowing to an N = 2 SCFT in d = 4.
Furthermore, we show that one can also carry out a similar consistent KK truncation of D = 11 supergravity on Σ 2 × S 4 , where Σ 2 = S 2 , R 2 (or a quotient thereof). For these cases there is not a corresponding supersymmetric AdS 5 vacuum solution, which is certainly not a requisite for the existence of a consistent KK truncation, but the truncations still have a natural holographic interpretation. Indeed they incorporate the RG flows associated with compactifying the d = 6 (0, 2) SCFT on S 2 or R 2 , with, in the former case, a topological twist that preserves N = 2 d = 4 supersymmetry, and then flowing to the IR [8] . Unlike the H 2 case, these theories do not flow to SCFTs in the IR.
We show that the consistent KK truncation of D = 11 supergravity on Σ 2 × S 4 leads to an N = 4, D = 5 gauged supergravity with three vector multiplets and the gauging lying in an SO(2) × SE(3) ⊂ SO(5, 3) subgroup of the SO(1, 1) × SO (5, 3) global symmetry group of the ungauged theory. One motivation for this work came from the possibility that the resulting N = 4 gauged supergravity could have additional supersymmetric AdS 5 vacua and corresponding flows between them. Indeed, such scenarios in N = 4 gauged supergravity were studied from a bottom up perspective in [10] and so it is of considerable interest to investigate which of these scenarios can be realised in a top down setting. Using the results of [10] we will show that the only maximally supersymmetric AdS 5 solution of the N = 4, D = 5 gauged supergravity theory that we obtain is the one that uplifts to the AdS 5 × H 2 /Γ × S 4 solution of [8] . We have also investigated the possibility of other AdS 5 solutions, supersymmetric or not. We find that the N = 4, D = 5 theory admits two nonsupersymmetric AdS 5 × S 2 × S 4 solutions, one of which was first found in [11] , while the other one is new. However, both of them have scalar modes that violate the BF bound and hence are unstable. It is possible that there are additional AdS 5 solutions.
We also show that there are additional subtruncations of the N = 4 gauged supergravity theory. When Σ 2 = H 2 (and not Σ 2 = S 2 , R 2 ) we can consistently truncate to Romans' gauged supergravity theory, as already mentioned above, and then further to minimal D = 5 gauged supergravity. When Σ 2 = S 2 , R 2 or H 2 , there is also a partic-ularly interesting truncation to an N = 2, D = 5 gauged supergravity theory coupled to two vector multiplets, with very special real manifold SO(1, 1) × SO (1, 1) , and a single hypermultiplet, with quaternionic Kähler manifold SU (2, 1)/S[U (2) × U (1)], with the gauging associated with an SO(2) × R ⊂ SU (2, 1) subgroup.
The plan of the rest of the paper is as follows. In section 2 we briefly recall maximal D = 7 gauged supergravity and how any bosonic solution can be uplifted to D = 11. In section 3 we discuss the consistent KK truncation of maximal D = 7 gauged supergravity on Σ 2 and section 4 shows, at the level of the bosonic fields, that the resulting D = 5 theory is indeed an N = 4 gauged supergravity theory. Section 5 discusses some subtruncations and section 6 discusses some solutions, including the new and unstable AdS 5 × S 2 × S 4 solution. We conclude in section 7 and we have a few appendices which contain some useful results.
Maximal D = 7 gauged supergravity
Maximal gauged supergravity in D = 7 [12] has thirty two supercharges. The bosonic fields consist of a metric, SO(5) Yang-Mills one-form potentials A ij , i, j = 1, . . . 5 transforming in the 10 of SO(5), three-forms S i (3) transforming in the 5, and fourteen scalar fields, given by the symmetric unimodular matrix T ij , which parametrise the coset SL(5, R)/SO (5) . The seven-form Lagrangian for the bosonic fields is given by
where g is a coupling constant. The potential V is given by
and Ω (7) is a Chern-Simons type of term built from the Yang-Mills fields, which has the property that its variation with respect to A ij (1) gives
∧ δA kl (1) .
An explicit expression can be found in [12] .
Any solution to the associated D = 7 equations of motion, which are given in appendix A, gives rise to a solution of D = 11 supergravity [2, 3] . Using the notation of [13] , the D = 11 metric and four-form field strength are given by
where µ i = 1, . . . , 5 are constrained coordinates on S 4 satisfying µ i µ i = 1, and
The AdS 7 vacuum solution of D = 7 supergravity with A ij (1) = S i (3) = 0 and T ij = δ ij , preserves all of the supersymmetry and uplifts to the maximally supersymmetric AdS 7 × S 4 solution, arising as the near horizon limit of a stack of M5-branes. In [8] two different supersymmetric AdS 5 × H 2 solutions were found which uplift to AdS 5 ×H 2 ×S 4 solutions, with a warped product metric and the S 4 non-trivially fibred over the H 2 factor. The fibration structure differs in the two solutions of [8] and they either preserve 16 or 8 supercharges. In each case the H 2 factor can be replaced with an arbitrary quotient H 2 /Γ, while preserving supersymmetry, and we are particularly interested in the case when H 2 /Γ is a compact Riemann surface with genus greater than one. The solutions are dual to N = 2 or N = 1 superconformal field theories in four spacetime dimensions, respectively, that arise on the non-compact part of M5branes wrapping such a Riemann surface that is holomorphically embedded either in a Calabi-Yau two-fold or three-fold, respectively. In this paper, it is the solution preserving 16 supercharges, which is recorded in section 6.1, that is of relevance. In particular, we will use the fibration structure of this solution to construct a new consistent KK truncation of maximal D = 7 gauged supergravity reduced on H 2 as well as on S 2 and R 2 . We note that it is only the H 2 case that the D = 5 theory has a maximally supersymmetric AdS 5 vacuum solution. For the S 2 case there is a non-supersymmetric AdS 5 solution found [11] as well as an additional new solution that we discuss in section 6.2.
3 Consistent KK truncation on S 2 , R 2 or H 2
We now construct the consistent KK ansatz for the reduction of maximal D = 7 gauged supergravity on Σ 2 = S 2 , R 2 or H 2 , or a quotient thereof.
The consistent truncation
The ansatz for the D = 7 metric is given by
where φ is a scalar field defined on the five-dimensional spacetime. We introduce an orthonormal frame for the two-dimensional metric and write ds 2 (Σ 2 ) =ē aēa and dē a +ω a b ∧ē b = 0, with a, b = 1, 2. We normalise this metric so that R
(2) ab = lg 2 δ ab , with l = 1, 0, −1 for Σ 2 = S 2 , R 2 or H 2 , respectively. We also write vol(Σ 2 ) =ē 1 ∧ē 2 .
We decompose the D = 7 SO(5) gauge fields via SO(5) → SO(2) × SO(3) and write
with a, b = 1, 2 and α, β = 3, 4, 5. Crucially, this ansatz is anchored by the spin connection,ω ab , of Σ 2 in the expression for A ab which, in particular, allows one to study M5-branes wrapping Riemann surfaces with a "topological twist" so that N = 2, d = 4 supersymmetry is preserved on the non-compact part of the M5-brane worldvolume. The ansatz (3.2) introduces an SO(2) one-form A (1) , SO(3) one-forms A αβ (1) transforming in the (1, 3) of SO(2) × SO(3), and six scalars ψ aα ≡ (ψ 1α , ψ 2α ), transforming as (2, 3) , all defined on the five-dimensional spacetime. For the scalar fields we take
which introduces a D = 5 scalar λ as well as another five scalars in the symmetric, unimodular matrix T αβ which parametrise the coset SL(3)/SO (3) . For the D = 7 three-form we take
giving rise in D = 5 to an SO(2) doublet of two-forms K a (2) ≡ (K 1 (2) , K 2 (2) ) transforming as (2, 1), as well as (1, 3) three-forms h α (3) and (1, 3) one-forms χ α (1) . Finally, for later convenience, for the D = 5 fields instead of taking the indices α, β, γ, · · · ∈ {3, 4, 5} we will take α, β, γ, · · · ∈ {1, 2, 3} .
(3.5)
We can substitute this ansatz into the D = 7 equations of motion. After some long calculation we can show that they are equivalent to a set of unconstrained equations of motion for the D = 5 fields, which shows that the truncation is consistent. Some details of this calculation is presented in appendix A and the final D = 5 equations of motion are recorded in (B.7)-(B.8) and (B.11)-(B.17). Moreover, these D = 5 equations of motion can be derived from a five-form Lagrangian given by
where R is the Ricci scalar of the D = 5 metric and the remaining kinetic energy terms are
The potential terms are
where ψ 2 ≡ ψ aα ψ aα and the topological term, independent of the D = 5 metric, is given by
In these expressions we have used the following definitions of field strengths and covariant derivatives:
Field redefinitions
In order to make contact with half maximal N = 4, D = 5 supergravity in the next section, it is necessary to make a number of field redefinitions. We first define
with the field strength for A α (1) given by F α 1) . We next replace the one-form χ α (1) with a one-form A α (1) and three Stueckelberg scalar fields ξ α , both transforming under SO(3) in the triplet representation, via
with Dξ α ≡ dξ α − g αβγ A β (1) ξ γ . Furthermore, the field redefinition introduces a new gauge invariance, with non-compact group, in which δξ α = Λ α (x), δA α (1) = −g −1 DΛ α , leaving χ α (1) invariant. This could be used to eliminate the scalars ξ α if desired. If we substitute this into the equation of motion (B.8) we deduce that * h α
where we have defined the two-form 1) . Notice that this expression for h α (3) is invariant under the new non-compact gauging just mentioned. In carrying out the identification with the fields of gauged N = 4 supergravity in the next section, it is helpful to notice that we can also write
We also redefine the two-forms via 16) and finally exchange the two scalars φ, λ for two scalars ϕ 3 , Σ via
With these field redefinitions we find that the equations of motion given in (B.7)-(B.8) and (B.11)-(B.17) can be obtained from a Lagrangian of the form
with the scalar kinetic terms given by
after substituting for χ α (1) using (3.12). The potential terms for the scalars are as in (3.8) and can be written in terms of the new fields as
and we note, in particular, that the scalar potential is independent of the scalars ξ α . The kinetic terms for the vectors are given by
Finally the remaining topological terms are given by the remarkably simple expression
Supersymmetry
We now show that the reduced D = 5 theory obtained in the previous section is precisely the bosonic sector of an N = 4 gauged supergravity in D = 5, with sixteen supercharges, coupled to three vector multiplets.
N = 4 gauged supergravity
In this subsection we first summarise the general structure of N = 4 gauged supergravity in D = 5, coupled to n = 3 vector multiplets, mostly following the conventions and presentation of [14] (which generalised [15] ). We begin by recalling that the ungauged theory [16] has a global symmetry group given by SO(1, 1) × SO(5, n = 3). The bosonic field content consists of a metric, 6 + n = 9 Abelian vector fields and 1 + 5n = 16 scalar fields. The nine vector fields can be written as A 0
(1) and A M (1) , with M = 1, . . . , 8, which transform as a scalar and vector with respect to SO(5, 3), respectively. The scalar manifold is given by
, with the SO(1, 1) part described by a real scalar field Σ, while we parametrise the coset SO
where η is the invariant metric tensor of SO(5, 3). Global SO(5, 3) transformations are taken to act on the right, while local SO(5) × SO(3) transformations act on the left via
The coset can also be parametrised by a symmetric positive definite matrix M M N defined by
with M M N an element of SO(5, 3). We can raise indices using η and in particular the inverse, which we denote by M M N , is given by
We will work in a basis in which η is not diagonal, but instead given by
In order to work in a basis in which η is diagonal with the first five entries −1 and the last three entries +1, as in [14] , we can employ a similarity transformation using the matrix
which satisfies U = U T = U −1 and det U = 1. In the expression for the scalar potential in the gauged theory, given below, we will also need the following antisymmetric tensor
with the indices m 1 , . . . , m 5 running from 1 to 5. The general N = 4, D = 5 gauged theory [14] is specified by a set of embedding
and ξ M . These specify both the gauge group in SO(1, 1) × SO(5, 3) as well assigning specific vector fields to the generators of the gauge group. The covariant derivative is given by 2
are the generators for SO(5, 3), t 0 is the generator for SO(1, 1), we have again raised indices using η and ∇ µ is the Levi-Civita connection. To ensure closure of the gauge algebra the embedding tensors must satisfy the following algebraic constraints
Associated with the vector fields A 0 (1) and A M (1) , we also need to introduce twoform gauge fields B (2)0 and B (2)M . In the ungauged theory these appear on-shell as the Hodge duals of the fields strengths of the vectors. In the gauged theory the two-forms are introduced as off-shell degrees of freedom, but the equations of motion ensure that the suitably defined covariant field strengths are still Hodge dual. In particular, the two-forms appear in the covariant field strengths for the vector fields, H 0 (2) and H M (2) , via
The equations of motion are invariant under gauge transformations, with spacetime dependent parameters (Λ 0 , Λ M ). In addition there are gauge transformations parametrised by the spacetime dependent one-forms (Ξ (1)0 , Ξ (1)M ) that just act on 2 Here the terms involving the generators differ by a factor two with the analogous expression in [14] . However, the explicit expression for the generators that we use in (4.21) below, also differ by a factor of two implying that our covariant derivative is the same as [14] .
the one-forms and two-forms. In particular, acting on these fields we have
With these ingredients in hand, the N = 4 gauged supergravity Lagrangian can be written as 3 the five-form
Here the scalar kinetic energy terms are given by 13) and the scalar potential is given by
The kinetic terms for the vectors, which also involve two-form contributions via (4.10), are given by
In order to succinctly present the topological part of the Lagrangian in (4.12), we temporarily introduce the calligraphic index M = (0, M ) which allows us to package the 9 vector fields and 9 two-forms into the quantities A M (1) and B (2)M , each transforming in the fundamental representation of SO(1, 1) × SO (5, 3) . In the conventions of this paper 4 , we then have
Here the symmetric tensor d MN P = d (MN P) has non-zero components 18) and the only non-zero components of X MN P are given by
It is worth noting that after defining the matrices (X M ) N P ≡ X MN P we have [X M , X N ] = −X MN P X P , by virtue of the quadratic constraints satisfied by the embedding tensor given in (4.9). Shortly it will be useful to note that the two forms only appear in the Lagrangian in one of the following two combinations
Matching
We now match the D = 5 theory of section 3 with the N = 4 gauged theory presented in the previous subsection. We first discuss the scalar field sector and then subsequently discuss the gauging and the embedding tensor.
Identifying the scalar fields
We take the generators of SO(5, 3) to be given by the 8 × 8 matrices 5
with η, non-diagonal, as in (4.5). In order to parametrise the coset SO(5, 3)/SO(5) × SO(3) we exponentiate a suitable solvable subalgebra of the Lie algebra. Following, for example [17] , the three non-compact Cartan generators H i and the twelve positive root generators, with positive weights under H i , are given by 6
5 Note that this differs by a factor of two compared with [14] as mentioned in footnote 2. 6 To compare with (3.31) of [17] we should make the identifications (
We note that Tr(T i (T j ) T ) = 2δ ij and Tr(H m H n ) = 4δ mn with H m = (H m ) T . To make contact with the scalar fields in the reduced equations of motion of section 3, we first need an explicit embedding of the coset SL(3)/SO(3) inside SO(5, 3)/SO(5) × SO (3). This is conveniently achieved by first defining
which commutes with all five of the generators in (4.23). By introducing six scalar fields ϕ i and a i we can consider the coset element
Moreover, we can identify the scalar fields in the 3 × 3 matrix T αβ in the reduced theory of section 3 via
As already anticipated in (3.17), we next note that the scalar field Σ, that parametrises SO(1, 1) in the N = 4 theory and the scalar field ϕ 3 can be identified with the scalar fields φ, λ in the reduced theory of section 3 via
Having clarified this embedding we next define the coset element, V, which parametrises SO(5, 3)/SO(5)×SO(3) and incorporates the remaining scalars ξ α and ψ aα of section 3, via
(4.28)
The Embedding tensor
We claim that the reduced D = 5 theory of section 3 is an N = 4 gauged supergravity with gauge group SO(2) × SE(3) ⊂ SO(5, 3), where SE (3) is the three-dimensional special Euclidean group. The compact SO(2) × SO(3) subgroup is generated by
with e.g. [g 1 , g 2 ] = g 3 and the additional non-compact generators in SE(3) are given by
The components of the embedding tensor are specified by 7
and the remaining components are all zero. With this specific embedding tensor, we can make two important simplifications to the N = 4 theory. First, since the two-forms only appear in the combinations given by (4.20), we can set the following components to zero
for α = 1, 2, 3. Second, we can use the gauge transformations given in (4.11), with parameters Ξ (1)M =4 , Ξ (1)M =5 to set the following components of the gauge fields to zero
Having done this we can identify the remaining gauge fields and two-forms of the N = 4 theory with those of the reduced theory given in section 3 via
with α = 1, 2, 3 (and recalling (3.5)) as well as l) . We also note that since ξ M = 0, the gauged supergravity lies within the class constructed in [15] .
In particular, the covariant two-form field strengths of the N = 4 theory given in (4.10) are related to those of the reduced theory in section 3 via
Furthermore, the covariant derivative in (4.8) is given by
With the above identifications of the fields and the given embedding tensor, one can show that the Lagrangian of the D = 5 theory given in (3.18)-(3.22) is precisely equivalent to the N = 4 Lagrangian given in (4.12)-(4.16). We have presented a few details of this calculation in appendix C.
Consistent subtruncations
In this section we explore various consistent subtruncations of the reduced equations of motion given in (B.7)-(B.8) and (B.11)-(B.17).
Romans
' D = 5 SU (2) × U (1)
supergravity theory
When l = −1 (i.e. Σ 2 = H 2 ), we can recover the Romans' D = 5 SU (2) × U (1) gauged supergravity theory, maintaining half maximal supersymmetry. The fact that this must be possible immediately follows from the results of [9] .
Specifically, we take
and set all of the remaining scalar fields to their trivial values T αβ = δ αβ , ψ aα = 0. We keep the two-forms and package them into a complex two-form via
Finally, we set χ α (1) = 0 and impose * h α
The field content now consists of a metric, a scalar field φ, SO(2) × SO(3) U (1) × SU (2) gauge fields A (1) , A αβ (1) and a complex two-form C (2) which is charged under the U (1) gauge field. The truncated equations of motion are given in (B.18),(B.19) and are precisely 8 that of Romans' theory [18] coming from the Lagrangian
and DC (2) = dC (2) − igA (1) ∧ C (2) . We note that this Lagrangian can also be obtained by directly substituting the ansatz into the D = 5 Lagrangian.
As is well known we can then further truncate Romans' theory to minimal N = 2, D = 5 gauged supergravity. In the notation here, this can be achieved by imposing e 10φ = 2 1/3 , setting the two-forms to zero, C (2) = 0, and keeping a single U (1) gauge field in the diagonal of U (1) × SU (2) via F 12
(2) = 2F (2) and F 23 (2) = F 31 (2) = 0. The resulting equations of motion arise from the Lagrangian for minimal gauged supergravity given by
It is worth emphasising that these two subtruncations cannot exist when l = 1, 0, (i.e. Σ 2 = S 2 , R 2 ). Indeed, if they did exist, then the maximally supersymmetric solution of these theories would necessarily be associated with a maximally supersymmetric AdS 5 solution of the N = 4, D = 5 gauged supergravity theory, which do not exist, as we show in section 6.1.
Various invariant sectors
There are various additional truncations, for all cases l = 0, ±1, that arise from keeping sectors invariant under various subgroups of SO(2) × SO(3).
SO(3) invariant sector
A simple truncation is to keep only the fields that transform as singlets under SO(3). 8 For example, we can compare with section 2.2. of [9] by making the identifications
It is consistent with the equations of motion to further set the two-forms to zero K a
(2) = 0. We note that this truncation cannot be further truncated to minimal gauged supergravity.
We can slightly extend the truncation just considered, by keeping fields that are invariant under a subgroup SO(2) R ⊂ SO(3). More specifically, we consider an SO(3) triplet, with index α = 1, 2, 3 to decompose into a doublet and a singlet of SO(2) R , with indices α = 1, 2 and α = 3, respectively. The fields that are kept in this truncation are the metric and
SO(2) invariant sector
We can also consider the truncation that keeps the fields that are invariant under the explicit SO(2) factor in SO(2) × SO (3). The fields that are kept in this truncation are the metric and
Diagonal SO(2) D invariant sector
The final subtruncation we consider, again for all cases l = 0, ±1, keeps the sector that is invariant under an SO(2) D diagonal subgroup of SO(2)×SO(2) R ⊂ SO(2)×SO (3) where SO(2) R ⊂ SO(3) was defined in the previous subsection. This is a particularly interesting truncation since we show that it is consistent with N = 2 supersymmetry. Specifically we show that we obtain the bosonic sector of an N = 2, D = 5 gauged supergravity coupled to two vector multiplets, with the two scalars parametrising the very special real manifold SO(1, 1) × SO (1, 1) , and a single hypermultiplet, with the four scalars parametrising the quaternionic manifold SU (2, 1)/S[U (2) × U (1)]. Furthermore, the gauging is just in the hypermultiplet sector. In restricting to the SO(2) D invariant fields we should set ψ a3 = K a (2) = 0 in (5.7) but we can now keep an additional two scalar modes in the ψ aα sector with α = 1, 2, specifically,
This can be achieved by imposing as well as the metric. Note that using (5.10) we have z 1 = ψ 11 , z 2 = ψ 21 . Furthermore, the covariant derivative acting on z a and the field strengths are now given by
and we notice that z a , which is a singlet with respect to the diagonal SO (2), is a doublet of the anti-diagonal SO (2) . It is straightforward to show that this is a consistent truncation of the D = 5 equations of motion (B.7)-(B.8) and (B.11)-(B.17).
To display the N = 2 structure of the truncated theory, it is convenient, as in section 3.2, to carry out some field redefinitions. We re-define χ 3 (1) and h 3 (3) into ξ and A (1) in the following way,
where
and one can check that these redefinitions are consistent with the equations of motion. We also replace the three scalar fields {φ, λ, w} with {Σ, Ω, ϕ} defined as
After substituting these redefinitions into the equations of motion, we find equations of motion that can be derived from the action with Lagrangian
) We now recall a general class of N = 2, D = 5 gauged supergravity theories that are coupled to two vector multiplets and a single hypermultiplet, following [19] (which generalised [20] [21] [22] [23] ). The Lagrangian for the bosonic fields can be written
where the scalar potential L pot N =2 is written in appendix D and
Here A I , with I = 0, 1, 2, label the graviphoton as well as the two vector fields in the two vector multiplets and φ x , with x, y = 1, 2, are the associated two real scalar fields that parametrise a two dimensional very special real manifold which we take to be SO(1, 1) × SO(1, 1) . The q X , with X = 1, . . . , 4, are the four real scalar fields in the hypermultiplet that parametrise a quaternionic Kähler space, which must be SU (2, 1)/S[U (2) × U (1)]. In the covariant derivatives K x I and k X I are each a set of three Killing vectors on the very special real manifold and on the quaternionic Kähler manifold, respectively. The structure constants of the gauge group are given byf I JK . We now explain how our truncated Lagrangian (5.16) can be cast in this form with gauging only in the hypermultiplet sector, which moreover is abelian withf I JK = 0. We start with the vector multiplets. The very special real geometry is determined by a real, symmetric, constant tensor C IJK which specifies the embedding of SO(1, 1) × SO(1, 1) in a three-dimensional space with coordinates h I via
Defining h I = C IJK h J h K we can define a IJ , which provides the kinetic terms for the vectors in (5.17), via
Indices can be lowered and raised using a IJ and its inverse a IJ , and we note in particular that h I = a IJ h J . Moreover, the pull-back of a IJ gives the metric for the scalar fields φ x via
With these definitions in hand we return to the truncated Lagrangian (5.16) . We see that Σ, Ω parametrise SO(1, 1) × SO(1, 1) with
and we can identify the vector fields as follows:
It is then straightforward to show that the first two lines in (5.16 ) are precisely the same form as the first two lines of the N = 2, D = 5 Lagrangian in (5.17) .
We next turn to the hypermultiplet. From the third and fourth lines of the truncated Lagrangian (5.16), we identify the coordinates on the quaternionic Kähler manifold to be
with associated metric
This is indeed the homogeneous metric on SU (2, 1)/S[U (2) × U (1)] as we explain in appendix D. This metric includes Killing vectors ∂ ξ and z 2 ∂ 1 − z 1 ∂ 2 , which generate an SO(2) × R subgroup of SU (2, 1). The Killing vectors, k X I , that determine the gauging in (5.18) are given by the following linear combinations
Finally, it remains to check that the scalar potential terms given in the last two lines of the truncated Lagrangian (5.16) coincide with L pot N =2 in (5.17) . We successfully carry out this check in appendix D.
6 Some solutions of the D = 5 theory
Maximally supersymmetric AdS 5 vacuum
The maximally supersymmetric AdS 5 vacuum solution is obtained by setting l = −1, taking e 30φ = 2 , e 10λ = 2 , (6.1) with all other fields trivial, and the AdS 5 radius squared L 2 is given by
By uplifting this solution to D = 7 and then to D = 11, it is straightforward to see that this is the same AdS 5 solution that was constructed in [8] that is associated with M5-branes wrapping a Riemann surface in a Calabi-Yau two-fold. In particular, the presence of the spin connectionω ab of the Riemann surface in (3.2) precisely corresponds to the topological twist associated with such wrapped M5-branes. Within the N = 4, D = 5 gauged supergravity theory, it is interesting to analyse the mass spectrum of the linearised perturbations of the fields about this supersymmetric vacuum. The φ,λ equations of motion are coupled and gives rise to two scalars with m 2 L 2 = −4, 12 and are holographically dual to scalar operators with ∆ = 2, 6. The linearised scalars in T are massless and are dual to operators with ∆ = 4. The six scalars ψ aα each have have m 2 L 2 = 5 and are associated with scalar operators with ∆ = 5. The two two-forms K a (2) give rise to operators with ∆ = 3. The vector A (1) is dual to a conserved current with ∆ = 3 and the metric is dual to the stress tensor with ∆ = 4. A little work is required to decouple the linearised h α (3) , χ α (1) , F αβ (2) sector. One can first solve the linearised equation (B.8) to obtain 2 2/3 gh α (3) = − * dχ α (1) − (g/2) αβγ * F βγ (2) . Then the two linearised equations (B.7),(B.12) can be combined into the form
corresponding to a triplet of massless vectors, dual to conserved currents with ∆ = 3, and a triplet of massive vector operators with ∆ = 5. These operators can be arranged into multiplets of SU (2, 2|2). It is helpful to first identify the operators that survive the truncation to Romans' theory, as discussed in section 5.1. These consist of the stress tensor, with ∆ = 4, SU (2) × U (1) conserved currents with ∆ = 3, the two two-forms with associated with operators with ∆ = 3 and the scalar operator (coming from the φ, λ sector) with ∆ = 2. These form the bosonic operators of the superconformal supermultiplet of SU (2, 2|2) that contains the stress tensor; this multiplet is denoted by A 2Ā2 [0; 0] (0;0) ∆=2 in (5.95) of [24] . The remaining operators are a scalar (coming from the φ, λ sector) with ∆ = 6, five scalars (coming from T ) with ∆ = 4, six scalars (coming from ψ aα ) with ∆ = 5 and a triplet of vector operators with ∆ = 5. These form the bosonic operators of a supermultiplet of SU (2, 2|2) that is denoted, in the notation of section 4.6 of [24] , as B 1B1 with superconformal chiral primary [0; 0] (4;0) 4 (associated with the five scalars with ∆ = 4.)
We conclude this subsection by proving that there are no further maximally supersymmetric AdS 5 vacua. In fact, given the gauge group is SO(2) × SE(3), the results of [10, 25] imply that for l = −1 the above vacuum is necessarily unique. For l = 0 and l = +1, we need to analyse the conditions for maximal supersymmetry as presented in [10] . Taking into account that [10] worked in a basis in which η was diagonal we first definê
4)
where the matrix U was defined in (4.6). Decomposing the A, B, C indices in a 5+3 split via e.g. A = {m,â} with m ∈ {1, . . . , 5} andâ ∈ {6, 7, 8}, the necessary and sufficient conditions for supersymmetry are given by ξ M = 0 and in addition
withξ mn andf mnp not identically zero. Given the embedding tensor coefficients in (4.31) and the coset representative in (4.28) a calculation reveals that the conditions are indeed satisfied when l = −1 for the above maximally supersymmetric vacuum and furthermore, they cannot be satisfied when l = 0, +1.
Non-supersymmetric AdS 5 vacua
When l = +1 there are additional non-supersymmetric AdS 5 solutions. The first was first found in [11] and has e 6φ = 1 3 (215 + 59
with all other fields trivial, and the AdS 5 radius squared L 2 is given by
It has already been shown in [11] that the linearised perturbations in the φ, λ sector give rise to modes that violate the BF bound, and hence this solution is unstable. The second solution, which is new, is found by numerically solving the equations of motion. It is a solution that lies within the SO(2) D truncation (5.3) and again has l = +1 with φ ∼ 0.00721714 , λ ∼ 0.246758 , w ∼ −0.107101 , z a z a ∼ 0.262789 ,
Since z a is non-zero, the solution spontaneously breaks the anti-diagonal SO(2) gauge group (see (5.12) .) By examining the linearised scalar perturbations of φ, λ, w, z a within the SO(2) D truncation, we find five modes with mass squared, m 2 , given by m 2 L 2 ∼ 30.4342 , 22.7531 , 9.44854 , −6.92312 , (6.9)
as well as zero (associated with the phase of z a ). In particular there is a mode which violates the BF bound m 2 L 2 ≥ −4 and hence this solution is also unstable.
Supersymmetric AdS 3 and AdS 2 solutions
There are a number of interesting solutions of Romans' theory that can be uplifted to D = 11 using the consistent truncation discussed in this paper. In fact these D = 11 solutions were already discussed in [9] , so we shall be brief. From a dual field theory point of view, the D = 11 solutions describe RG flows of the N = 2 SCFT in d = 4 that is associated with M5-branes wrapping a two-dimensional hyperbolic space 9 embedded in a Calabi-Yau two-fold, H 2 ⊂ CY 2 . We begin with the supersymmetric black hole solution, numerically constructed in [26] , that flows from the supersymmetric AdS 5 vacuum in the UV to a supersymmetric AdS 2 × H 3 solution in the IR. The uplifted D = 11 solution [9] describes the RG flow of the N = 2, d = 4 SCFT after being placed on H 3 with a topological twist that preserves 2 of the 8 Poincaré supersymmetries. In the far IR one obtains a supersymmetric conformal quantum mechanics dual to the AdS 2 × H 3 × H 2 × S 4 solution (warped and fibred). This D = 11 AdS 2 solution is the one found in [27] associated with M5-branes wrapping (
There is a also supersymmetric black string solution of Romans theory, numerically constructed in [8] , that flows from the supersymmetric AdS 5 vacuum in the UV to an AdS 3 × H 2 solution in the IR. The uplifted D = 11 solution [9] describes the RG flow of the N = 2, d = 4 SCFT after being placed on H 2 with a topological twist that preserves, from a d = 2 point of view, (2, 2) of the 8 Poincaré supersymmetries.
In the far IR one obtains a d = 2, (2, 2) SCFT dual to the AdS 3 × H 2 × H 2 × S 4 solution (warped and fibred). This D = 11 AdS 3 solution is the one found in [27] associated with M5-branes wrapping (
There is a different supersymmetric black string solution, which is also a solution of minimal gauged supergravity [28] , that flows from the supersymmetric AdS 5 vacuum in the UV to a different AdS 3 × H 2 solution in the IR. The uplifted D = 11 solution [9] describes the RG flow of the N = 2, d = 4 SCFT after being placed on H 2 with a topological twist that preserves, from a d = 2 point of view, (0, 2) of the 8 Poincaré supersymmetries. In the far IR one obtains a d = 2, (0, 2) SCFT dual to the AdS 3 × H 2 × H 2 × S 4 solution (warped and fibred). This D = 11 AdS 3 solution is the one found in [29] associated with M5-branes wrapping H 2 × H 2 ⊂ CY 4 .
Finally, going back to Romans' theory there is a one parameter family of supersymmetric AdS 3 ×M 2 solutions with M 2 = H 2 , R 2 or S 2 , depending on the value of the parameter [18] . Generically, the D = 11 solutions [9] are dual to d = 2 SCFTs with (0, 2) supersymmetry and for a specific value of the parameter includes the AdS 3 ×H 2 solution of minimal supergravity discussed in the previous paragraph. For another specific value one obtains the AdS 3 × H 2 solution that is dual to d = 2 SCFTs with (2, 2) supersymmetry, discussed above. For general values of the parameter, supersymmetric black string solutions, flowing from the supersymmetric AdS 5 vacuum in the UV to the AdS 3 × M 2 solution in the IR have not been constructed, but we think it is very likely that they exist. When the flows exist, the AdS 3 × M 2 × H 2 × S 4 solutions are dual to the N = 2, d = 4 SCFT after being placed on M 2 with a suitable topological twist.
Final comments
The focus of this paper has been to construct a new consistent KK truncation of D = 11 supergravity on Σ 2 × S 4 where Σ 2 = S 2 , R 2 or H 2 , or a quotient thereof. We have shown the resulting D = 5 theory is an N = 4 gauged supergravity theory coupled to three vector multiplets. We have shown that the only maximally supersymmetric AdS 5 solution (i.e. preserving 16 supersymmetries) of the N = 4, D = 5 theory occurs for Σ 2 = H 2 and uplifts to the AdS 5 × H 2 × S 4 solution of [8] , dual to N = 2 SCFTs in d = 4 (after taking a quotient to get a compact H 2 /Γ). We have also explored the possibility of whether or not there are additional AdS 5 solutions; we have shown that the theory admits two additional non-supersymmetric solutions which uplift to AdS 5 × S 2 × S 4 solutions of D = 11, both of which are unstable. It would be of interest to complete this exploration, using the approach of [30] , for example, and, more generally, investigate other types of solutions of the N = 4, D = 5 gauged theory.
This work is a natural extension of the consistent KK truncation of D = 11 supergravity on Σ 3 × S 4 down to an N = 2 gauged supergravity in D = 4, where S 3 , R 3 or Σ 3 = H 3 (or a quotient thereof) that was presented in [31] . In that case the fibration of the S 4 over Σ 3 is associated with M5-branes wrapped on a special Lagrangian Σ 3 in Calabi-Yau three-fold. It is clear that for each of the different cases of M5-branes wrapping different supersymmetric cycles Σ k studied in [27, 29] there will be an associated consistent KK truncation on Σ k × S 4 and it would be interesting to work out the details. It would also be interesting to examine our result, as well these generalisations, using the perspective of generalised geometry along the lines discussed in, for example, [6, 32, 33] . In particular this should provide a succinct way of determining the specific gauged supergravity theory that should arise. In fact for the case we have considered in this paper, we have been informed that this will be discussed in [34] , finding the same gauging that we have here.
A Equations of motion of D = 7 gauged supergravity
The equations of motion for D = 7 gauged supergravity arising from (2.1) are given by
,
and
We note that a typo in [13] has been fixed in the last equation of (A.1).
B Consistency of the truncation
We substitute the ansatz for the D = 7 fields given in (3.1)-(3.4) into the equations of motion for D = 7 gauged supergravity given in (A.1)-(A.2). In carrying out the computations it is useful to note that for the scalars we have
where DT αβ ≡ dT αβ + gA αγ (1) T γβ + gA βγ (1) T αγ . Furthermore, for the gauge fields we deduce
where we have defined
Similarly, for the three-form we have
Finally, for the metric sector, we use the orthonormal frame e m = e −2φēm , m = 1, ..., 5 and e a = e 3φēa , a = 1, 2 and find that the D = 7 Ricci tensor has components
where R (5) mn is the Ricci tensor for the D = 5 metric ds 2 5 =ē mēm in (3.1) and we used R
ab is the Ricci tensor for ds 2 (Σ 2 ) =ē aēa .
B.1 D = 5 Equations of motion
The equations of motion for the three-form in (A.1) give rise to
as well as
It is helpful to note that when g = 0 these imply
and also
where we used 1 2 αβγ F αρ (2) ∧ F βγ (2) = 0. We next consider the gauge field equations of motion in (A.1). When the indices (k, l) = (a, b) and (k, l) = (α, β) we find d(e 12λ+4φ * F (2) 
(1) = 0 , (B.12)
respectively. When the indices (k, l) = (a, α) we get
Continuing, we now consider the equations of motion for the scalar fields in (A.1). From the (i, j) = (a, b) components, we obtain:
From the (i, j) = (α, β) components, we obtain
The equations of motion for the scalar fields with mixed components (i, j) = (a, α) are trivially satisfied. Finally, we consider the reduction of the Einstein equations (A.2). From the (a, b) components, we obtain
From the (m, n) components we find that the D = 5 Ricci tensor must satisfy
The mixed (ma) components are trivially satisfied.
B.2 Subtruncation to Romans' theory
If we consider the subtruncation considered in section 5.1 then we find that the D = 5 equations of motion given in (B.7)-(B.8) and (B.11)-(B.17) boil down to
and R mn = 300∇ m φ∇ n φ + 1 2 e 40φ (F (2) ) ml (F (2) ) l n − 1 6 g mn (F (2) ) ls (F (2) ) ls
In these expressions we have (2) . These equations of motion can be derived from the Lagrangian given in (5.4 ).
C Matching with N = 4 supergravity
We present a few formulae which are helpful in explicitly matching the reduced D = 5 theory of section 3 with those of N = 4, D = 5 gauged supergravity theory that was discussed in section 4.1.
We begin by clarifying the parametrisation of the SL(3)/SO(3) coset that we used in (4.25) The generators for the Lie algebra of SL(3) are given by (C.1)
The coset element can then be represented in an upper triangular gauge via V = e ϕ 1 h 1 +ϕ 2 h 2 e a 1 e 1 e a 2 e 2 e a 3 e 3 ,
Next, turning to the SO(5, 3)/SO(5) × SO(3) coset element V, given in (4.28), we find that the Maurer-Cartan one-form, which takes values in the solvable Lie algebra, has the form
We can decompose the Maurer-Cartan one-form as
where Q 0 lies in the Lie algebra of SO(5) × SO(3) (the antisymmetric part of the one-form) and P 0 lies in the complement (the symmetric part of the one-form). We can then calculate
and we obtain the kinetic terms for the scalars as in (3.19) , without yet incorporating the gauging. To incorporate the latter we use the covariant derivative given in (4.37) which we write as D = d + gA with
We can then decompose DV · V −1 = P + Q as above. In particular we have P = P 0 + g(V · A · V −1 ) SO(5,3)/SO(5)×SO (3) , where the last term is in the Lie algebra complementary to that of SO(5) × SO (3) . We find that the gauged scalar kinetic terms in (3.19) are obtained precisely after calculating − 1 2 Tr( * P ∧ P).
We can write the matrix M M N in (4.3) in the explicit form
To calculate the N = 4 scalar potential L pot N =4 , given in (4.14) , with the embedding tensor given in (4.31), we find the following non-vanishing contributions
where in the last expression we have utilised the definition (4.7). Summing these contributions we find that the N = 4 scalar potential L pot N =4 in (4.14) precisely gives the scalar potential L pot of the reduced theory, given in (3.20) .
Turning now to the vectors, using the identification of the field strengths given in (4.36) as well as (C.8), the kinetic terms of the vectors of the N = 4 theory, L V N =4 , given in (4.15), exactly reproduce the kinetic terms of the vectors in the reduced theory, L V , given in (3.21) . We next compare the topological parts of the Lagrangians. We find that the non-zero contributions to L T N =4 , given in (4.16), are (up to a total derivative),
Combining these expressions we recover the topological Lagrangian L T of the reduced theory given in (3.22 ).
D Matching the SO(2) D truncation with N = 2 supergravity
We begin by discussing the quaternionic Kähler manifold SU (2, 1)/S[U (2) × U (1)] (see e.g. [35, 36] ). An element U of SU (2, 1) obeys U † ηU = η where we take η to have signature (−, −, +). A convenient choice of the generators, satisfying ηT = T † η is given by T i = {λ 1 , λ 2 , λ 3 , λ 8 , iλ 4 , iλ 5 , iλ 6 , iλ 7 } , (D.1)
where λ i are the standard Gell-Mann matrices. To construct a convenient coset representative we utilise one non-compact Cartan generator, h, along with three positive root generators, (r 1 , r 2 , r 3 ), given by The coset representative is then defined as V = e ϕh e 2z 1 r 1 +2z 2 r 2 +ξr 3 , (D.3)
with an associated Maurer-Cartan one-form given by dV · V −1 = dϕh + 2e ϕ (dz 1 r 1 + dz 2 r 2 ) + e 2ϕ dξ − 2z 1 dz 2 + 2z 2 dz 1 r 3 .
(D.4)
We can then calculate Tr * (dV · V −1 ) ∧ (dV · V −1 + (dV · V −1 ) † = g XY * dq X ∧ dq Y , (D.5)
where the quaternionic Kähler metric is given by g XY dq X dq Y = 4dϕ 2 + 4e 2ϕ dz a dz a + e 4ϕ (dξ − 2 ab z a dz b ) 2 , (D.6)
with q X = (ϕ, ξ, z 1 , z 2 ). In order to display the quaternionic Kähler structure, we can introduce the following vierbein It is straightforward to calculate the Ricci tensor and we find that the metric is Einstein with R XY = − 3 2 g XY .
The SU (2) part of the curvature 2-form is related to the triplet of complex structures via R XY = − 1 4 J XY (as in e.g. B.70 of [37] ). After raising an index via J Y X = J XZ g ZY we explicitly find
(D. 13) and one can check that J i J j = −δ ij + ijk J k .
We are now ready to show that the scalar potential terms in the SO(2) D truncated theory (5.16) are consistent with N = 2 supersymmetry. The scalar potential terms in the general N = 2, D = 5 gauged supergravity Lagrangian (5.17) (with no tensor multiplets and no FI terms) are given by
Lets discuss each of these terms. The first two terms involve the moment maps for the Killing vectors k X I defined via
The terms appearing in the scalar potential are then determined by P ≡ 1 2 h I P I , P and indices are raised and lowered using the metrics g xy and a IJ given in (5.20) , (5.21) . For the explicit Killing vectors of the metric (D.6) given by
we find P 0 = −2e ϕ z 1 , −2e ϕ z 2 , −1 + e 2ϕ z a z a , P 1 = 2e ϕ z 1 , 2e ϕ z 2 , 1 + 1 2 e 2ϕ (l − 2z a z a ) , P 2 = 0, 0, 1 2 e 2ϕ . (D. 19) We next note that without tensor multiplets we have
wheref IJ K are the structure constants for the gauging. For our gauging we havē f IJ K = 0 and hence W x = 0. The final terms in the scalar potential are given by
After explicitly evaluating the terms in (D.14) using the ingredients in this appendix as well as those in section 5.3, we precisely recover the scalar potential terms in (5.16 ).
